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Two-dimensional electromagnetic particle-in-cell simulations are performed3

to study the temporal development of an ion Bernstein instability driven by4

a proton velocity distribution with positive slope in the perpendicular ve-5

locity distribution function fp(v⊥), where ⊥ denotes directions perpendic-6

ular to the background magnetic field B0. The instability grows at propa-7

gation angles nearly perpendicular to B0, and at frequencies close to the har-8

monics of the proton cyclotron frequency. The simulated field fluctuation spec-9

trum shows peaks near the first few harmonics of the proton cyclotron fre-10

quency and resembles observations of ULF waves, commonly referred to as11

fast magnetosonic waves, near the geomagnetic equator in the terrestrial mag-12

netosphere. This growing mode may play an important role in the transverse13

heating of thermal protons and the acceleration of radiation-belt electrons.14
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1. Introduction

Enhanced field fluctuation spectra with peaks at frequencies close to the proton cy-15

clotron frequency and its harmonics up to the lower hybrid resonance frequency have16

been observed near the geomagnetic equator of the terrestrial magnetosphere at radial17

distances between 2 and 8 RE [Russell et al., 1970; Perraut et al., 1982; Santoĺık et al.,18

2002]. The typical amplitude of the associated magnetic fluctuations is 0.03 ∼ 0.2 nT19

[Perraut et al., 1982], which suggests δB/B0 ∼ 10−4 (B0 is the background geomagnetic20

field). The waves propagate nearly perpendicular to B0, are primarily confined within 221

∼ 3◦ of the geomagnetic equator, and are mainly observed in the afternoon and premid-22

night sectors. Observations [Perraut et al., 1982; Boardsen et al., 1992; Meredith et al.,23

2008] and theoretical studies [Gul’elmi et al., 1975; McClements et al., 1994; Chen et al.,24

2010] suggest that the waves are driven by energetic protons at energies of tens keV which25

have ring-like distributions with ∂fp(v⊥)/∂v⊥ > 0 (fp(v⊥) is the perpendicular velocity26

distribution function).27

These waves were first referred to as “equatorial noise” [Russell et al., 1970], but more28

recently have been called “fast magnetosonic waves” because observations show that the29

wave magnetic field component is polarized along the background geomagnetic field [Per-30

raut et al., 1982] and the ratio of the electric field intensity to that of the magnetic field31

intensity is in good agreement with the theoretical values for fast magnetosonic waves32

at wave normal angles near 90◦ [Boardsen et al., 1992]. These enhanced fluctuations are33

believed to play an important role in the transverse heating of thermal protons [Horne34
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et al., 2000] and the acceleration of radiation-belt electrons [Horne and Thorne, 1998;35

Horne et al., 2007; Shprits , 2009; Bortnik and Thorne, 2010].36

Denton et al. [2010] provide further insight into these enhanced fluctuations. Using37

both Cluster observations in the plasma sheet boundary layer and linear kinetic disper-38

sion theory, they demonstrated that the waves are excited by a ring-type property of39

the proton velocity distribution. They also found that the wave properties change sig-40

nificantly with the proton beta (βp). At βp ¿ 1, these fluctuations are predominantly41

electrostatic, suggesting that these waves are more accurately described as ion Bernstein42

waves [Janhunen et al., 2003; Ashour-Abdalla et al., 2006]. As βp approaches unity, the43

waves develop a strong electromagnetic component. The excited magnetic field fluctu-44

ations have components in both the perpendicular and parallel directions (with regard45

to B0), but the perpendicular fluctuations are larger. More interestingly, the parallel46

magnetic fluctuations δB‖ become dominant when βp is further increased, which resem-47

bles the fluctuations referred to as fast magnetosonic waves that are observed near the48

geomagnetic equator in the terrestrial magnetosphere. These results have been confirmed49

by Gary et al. [2010], who further pointed out that the maximum instability growth rate50

decreases with increasing electron-to-proton temperature ratio.51

Although some simulation studies have addressed the ion Bernstein instability in the52

electrostatic limit [Lee and Birdsall , 1979; Janhunen et al., 2003], no simulations have53

addressed the fully electromagnetic properties of this instability in the high βp regime54

appropriate for the magnetosphere. The present study carries out two-dimensional (two55

spatial dimensions, but all three velocity components retained) electromagnetic particle-56
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in-cell (PIC) simulations to investigate the properties of the ion Bernstein instability57

driven by proton distributions with ∂fp(v⊥)/∂v⊥ > 0 and βp ∼ 1. The PIC code used is58

a reduced version of the three-dimensional PIC model in Liu et al. [2006] and has been59

successfully applied to the study of particle energization by oblique inertial Alfvén waves60

in the auroral region [Seyler and Liu, 2007]. The simulation results demonstrate that the61

ion Bernstein instability grows at propagation angles nearly perpendicular to B0, with a62

fluctuating field spectrum with peaks at frequencies close to the first few harmonics of the63

proton cyclotron frequency, in agreement with recent theory [Denton et al., 2010; Gary64

et al., 2010] and observations of fast magnetosonic waves.65

2. Simulation Results

The two-dimensional simulation domain lies in the x − y plane and the background66

magnetic field is in the y direction. Periodic boundary conditions are used in both di-67

mensions. Due to the nearly perpendicular propagation of the instability, we choose68

Lx = 9.6λi, Nx = 128, Ly = 64λi, and Ny = 64, where λi =
√

mp/n0µ0e2 is the ion iner-69

tial length. Other relevant parameters are mp/me = 100, ωp/Ωp = 15 (ωp =
√

n0e2/ε0mp70

is the proton plasma frequency and Ωp = eB0/mp is the proton cyclotron frequency), and71

the time step length is δtΩp = 0.001. The present simulation has 2000 ions and 200072

electrons in each cell. The reduced proton-to-electron mass ratio and the relatively small73

ωp/Ωp used here are to enable a large time step. Although they slightly affect the prop-74

erties of the ion Bernstein instability, they do not change the essential physics, as will be75

discussed in section 3.76
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Following Denton et al. [2010] and Gary et al. [2010], a subtracted Maxwellian distri-77

bution is used to initialize the protons in the simulation,78

fp(v) = f1(v)− f2(v), (1)79

with80

fj(v) =
nj

(πv2
j )

3/2
exp(−v2/v2

j ). (2)81

Here v2 = v2
‖+v2

⊥, vj =
√

2Tj/mj is the jth species thermal speed (both are protons). This82

distribution is still isotropic although non-Maxwellian. This simplifies the physics involved83

by excluding the possible development of the Alfvén cyclotron instability which can be84

driven by anisotropic protons [Gary , 1993]. We choose the dimensionless parameters to85

be n1/n0 = 6.3, n2/n0 = 5.3, T1/(mpv
2
A) = 0.4, T2/T1=0.9, where n0 is the background86

plasma density and vA is the Alfvén velocity. Note that n2/n1 < (T2/T1)
3/2 is required to87

avoid negative values in fp(v). With these parameters, βp = (n1T1 − n2T2)/(B
2
0/2µ0) =88

2(n1T1 − n2T2)/(n0mpv
2
A) = 1.2 and the black line in Figure 1 illustrates the reduced89

perpendicular velocity distribution90

fp(v⊥) =
∫ ∞

−∞
dv‖

∫ 2π

0
dφfp(v)91

=
2n1

v2
1

exp(−v2/v2
1)−

2n2

v2
2

exp(−v2/v2
2), (3)92

where φ is the azimuthal angle of the perpendicular velocity component. The reduced93

perpendicular velocity distribution has positive ∂fp(v⊥)/∂v⊥ in the range of 0 < v⊥ <94

0.5vA. Electrons in the simulation have a Maxwellian distribution and Te/T1 = 0.01.95

Linear kinetic dispersion theory for electromagnetic fluctuations in a homogeneous,96

magnetized, collisionless plasma is first applied to the instability analysis. The Cartesian97
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coordinate system of the linear dispersion analysis [Gary , 1993] admits spatial variations98

in both the direction parallel to B0 (denoted by ‖) and one direction perpendicular to99

the background field (denoted by ⊥), but no spatial variations in the other perpendicular100

direction (denoted by ⊥⊥). The ⊥, ‖, and ⊥⊥ directions correspond to the x, y, and z101

directions in the simulations, respectively. So the wavevector is defined as k = k⊥x̂ + k‖ŷ102

and the complex frequency is ω = ωr + iγ where γ > 0 represents temporal growth of a103

fluctuating normal mode of the plasma.104

For the initial proton distribution shown in Figure 1 and the plasma parameters stated105

above, the ion Bernstein instability is found to grow at frequencies near the first two106

proton cyclotron harmonics (ω ≈ Ωp, 2Ωp). The growth rates as a function of k⊥λi107

and propagation angle θ (with regard to B0) for waves near the first and the second108

proton cyclotron harmonics are displayed in the left panel and the right panel of Figure109

2, respectively. The asterisk in each panel represents the location of the local maximum110

growth rate γmax. For waves of ω ≈ Ωp, γmax/Ωp = 0.044 at k⊥λi ≈ 4.8 and θ ≈ 85.8◦. For111

waves of ω ≈ 2Ωp, γmax/Ωp = 0.034 at k⊥λi ≈ 9.3 and θ ≈ 86.8◦. The solid black contour112

line in each panel represents the contour of γ/Ωp = 0.03. The instability can grow over113

wide ranges of k⊥λi and θ with significant growth rates. Linear analysis also shows that114

the amplitude relations among electric and magnetic field components of these waves are115

δE⊥ À δE⊥⊥ À δE‖ and δB⊥⊥ ≥ δB‖ À δB⊥, but the amplitude relation between δB⊥⊥116

and δB‖ changes with βp quite significantly. The compressible component δB‖ starts to117

dominate as βp increases.118
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Figure 3 displays the time evolution of the energies in different electric and magnetic119

field components in the simulation. The instability is weak and saturates at a very low120

level so that an exponential growth phase of the energies does not clearly stand out121

in Figure 3. The thermal noise level is still relatively high, although the simulation122

has 2000 particles per cell, which is limited by the computational resources available.123

Nevertheless, the saturation levels shown by Figure 3 are reliable and physical, because124

another simulation with 1000 particles per cell gave the same saturation levels. Figure 3125

further shows that δE⊥ À δE⊥⊥ À δE‖ and δB⊥⊥ ≥ δB‖ À δB⊥, in agreement with the126

linear kinetic analysis results. Note that the dominant electric field component is δE⊥,127

which is mainly the electrostatic contribution, given the nearly perpendicular propagation128

of the instability.129

Figure 4 displays the compressive magnetic fluctuations from the simulation at tΩp = 60.130

The top panel shows the contour plot of By/B0, while the bottom panel presents the spatial131

power spectrum of δBy = By − B0. The two solid black contour lines in the bottom132

panel are the same ones in Figure 2 but are now plotted in the k⊥λi-k‖λi coordinates.133

They represent the contours of γ/Ωp = 0.03 given by linear kinetic dispersion theory for134

waves near the first two proton cyclotron harmonics. The lower left contour is for the135

first harmonic while the upper right contour is for the second harmonic. The regions of136

enhanced fluctuations are close to the two contours and reveal the growth of the waves137

near the first two proton cyclotron harmonics. This is further confirmed by Figure 5,138

which presents the temporal spectrum of δBy at x = 4.8λi and y = 32λi from tΩp = 50139

to tΩp = 100. Spectral peaks at ω ≈ Ωp, 2Ωp are clear, in agreement with the prediction140
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of linear kinetic theory that the instability is unstable near the first two proton cyclotron141

harmonics.142

Compared with the γ/Ωp = 0.03 contours, the regions of enhanced fluctuations seem to143

shift toward small k⊥λi slightly. This shift might be due to the nonlinear evolution of the144

simulation system. Linear kinetic analysis suggests that the properties of the instability145

are very sensitive to the proton distribution. The proton distribution evolves with time146

in the simulation due to wave-particle interactions, as shown in Figure 1. The dashed147

red line, the green line, and the blue line represent fp(v⊥) derived from the simulation at148

tΩp = 0, 60, and 100, respectively. The positive slope in fp(v⊥) is gradually reduced by149

the development of the instability.150

3. Summary and Discussion

The general properties of an ion Bernstein instability driven by a proton velocity dis-151

tribution with positive slope in fp(v⊥) at βp ∼ 1 are studied using linear kinetic disper-152

sion theory and two-dimensional electromagnetic PIC simulations. The present results153

demonstrate that the instability grows at propagation angles nearly perpendicular to B0,154

saturates at a very low level, and yields spectral peaks at frequencies close to the first few155

harmonics of the proton cyclotron frequency. These features resemble the observed fast156

magnetosonic waves near the geomagnetic equator in the terrestrial magnetosphere.157

Linear kinetic dispersion analysis for the same initial proton distribution using realistic158

proton-to-electron mass ratio (mp/me = 1836) and ωp/Ωp = 294 has been reported by159

Gary et al. [2010]. They found that the ion Bernstein instability grows at frequencies near160

the proton cyclotron harmonics up to ω ≈ 5Ωp. The maximum growth rate decreases as161
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the harmonic number increases. For waves of ω ≈ Ωp, γmax/Ωp = 0.038 at k⊥λi ≈ 4.87162

and θ ≈ 86.7◦. For waves of ω ≈ 2Ωp, γmax/Ωp = 0.036 at k⊥λi ≈ 8.73 and θ ≈ 87.9◦. The163

comparison of the linear kinetic analysis results discussed in section 2 with the work of164

Gary et al. [2010] shows that the reduced proton-to-electron mass ratio and the relatively165

small ωp/Ωp used in the present study slightly affect the properties of the ion Bernstein166

instability, but do not change the essential physics.167

A simple subtracted Maxwellian distribution is used to construct the positive slope in168

fp(v⊥) in the present study because our linear kinetic dispersion code is based on bi-169

Maxwellian velocity distributions [Gary , 1993]. Since n2/n1 < (T2/T1)
3/2 is required in170

equation (1) to avoid negative values of fp(v), only moderately positive slopes in fp(v⊥)171

can be used. While our results show that the maximum growth rate is near the funda-172

mental proton cyclotron harmonic for the given proton distribution, some observations173

[Boardsen et al., 1992] show spectra which peak at higher harmonics of the proton cy-174

clotron frequency and linear theories based upon more strongly unstable distributions175

similarly predict maximum growth at higher harmonics [Gul’elmi et al., 1975; Horne176

et al., 2000]. We find that the growth rates of the ion Bernstein instability near different177

proton cyclotron harmonics are very sensitive to the proton distributions which drive it.178

More linear kinetic analysis and PIC simulations are needed to further understand the179

relationship between the ion free energy and the maximum growing modes.180

In order to study the effect of the excited electromagnetic fluctuations on the thermal181

protons, another PIC simulation similar to the one discussed in section 2 but with an182

additional component representing thermal protons has been performed. This run shows183
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that the ion Bernstein instability extracts energy from the energetic protons and transfers184

the energy into the transverse kinetic energy of the thermal protons and the parallel185

kinetic energy of the background electrons. These results will be described in more detail186

elsewhere.187
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Figure 1. The perpendicular velocity distributions of the protons. The black line

displays fp(v⊥) of Equation (3), which is used in the linear kinetic dispersion analysis and

as an initial condition in the PIC simulations. The dashed red line, the green line, and

the blue line represent fp(v⊥) derived from the present simulation at tΩp = 0, 60, and

100, respectively.
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Figure 2. Linear dispersion theory results: Growth rates as a function of k⊥λi and

propagation angle θ (with regard to B0) for waves near the first (left panel) and the

second (right panel) proton cyclotron harmonics. The asterisk in each panel represents

the location of the local maximum growth rate. The solid black contour line in each panel

represents the contour of γ/Ωp = 0.03. Note that the minimum value of the color scale

corresponds to γ/Ωp = −0.05 so larger damping rates saturate in the plot.
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Figure 3. PIC simulation results: The time evolution of the energies in different electric

(Top) and magnetic (Bottom) field components.
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Figure 4. PIC simulation results: The compressive magnetic fluctuations at tΩp = 60.

Top panel: The contour plot of By/B0. Bottom panel: The spatial power spectrum of

δBy = By − B0. The two solid black contour lines in the bottom panel are the same

ones in Figure 2 but are now plotted in the k⊥λi-k‖λi coordinates. They represent the

contours of γ/Ωp = 0.03 given by linear kinetic dispersion theory for waves near the first

two proton cyclotron harmonics. The lower left contour is for the first harmonic while the

upper right contour is for the second harmonic.
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Figure 5. PIC simulation results: The temporal spectrum of δBy at x = 4.8λi and

y = 32λi from tΩp = 50 to tΩp = 100.
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